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,1^ , Abstract 



We study the geometrical meaning of higher-order terms in matrix models of Yang-Mills 
V^J \ type in the semi-classical limit, generalizing recent results [l] to the case of 4-dimensional 

space-time geometries with general Poisson structure. Such terms are expected to arise 
^vq \ e.g. upon quantization of the IKKT-type models. We identify terms which depend only 

t~^ ■ on the intrinsic geometry and curvature, including modified versions of the Einstein-Hilbert 

Cn ' action, as well as terms which depend on the extrinsic curvature. Furthermore, a mecha- 

J~^ ■ nism is found which implies that the effective metric G on the space-time brane M C R 

^^ I "almost" coincides with the induced metric g. Deviations from G = g are suppressed, and 

^^ i characterized by the would-be C/(l) gauge field. 
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1 Introduction and background 

This paper is a continuation of our previous work [l|, where gravitational actions, in particular 
an analog of the Einstein-Hilbert action, were obtained from higher-order terms in matrix 
models of Yang- Mills tjme. 

In this framework [^-IJ]) space-time is realized as quantized Poisson manifold A4 C R^ 
with an induced metric g^i, and Poisson tensor 9^'^ . These structures determine an effective 
gravitational metric G^'^ = e~"6^^ 9^^ g^'u'^ to which matter couples more-or-less as in general 
relativity (GR). Since generic 4-dimensional geometries can be realized (at least locally) as 
sub-manifold Ai C ^^ j5|, this provides a suitable framework for a pre-geometric, "emergent" 
theory of gravity. As an illustration, a realization of the Schwarzschild geometry in this approach 
is presented in Ref. [6(. 

The dynamics of gravity in this framework and its relation resp. deviation from general 
relativity is not yet very well understood. Upon quantization, various higher-order terms are 
expected to arise in the matrix model, or alternatively such terms can be added by hand. In [l|, 
we identified a matrix model action which in the semi-classical limit reduces to Jd'^x^e'^'^R[g], 
for the most natural case of geometries with G^i, = g^^- However, it turns out that there are 
several possible matrix actions which reduce to the same semi-classical form for G^i, = g^y. 
Moreover, in order to derive the equations of motion for the geometry, it is necessary to consider 
variations which violate this condition. In the present paper, we obtain a slightly modified action 
which for coinciding metrics reduces to the Einstein-Hilbert action, and which is tensorial 
(i.e. depends only on the intrinsic geometry of A^ C K,^) for general G^y / g^y. We also 
identify several other terms which have an intrinsic geometrical meaning. Some of these terms 
depend also on the Poisson structure. There are also "potential" terms which may set the 



non-commutativity (NC) scale e^'^ , as well as terms which depend on the extrinsic geometry, 
i.e. the embedding of A^ C R . This should be the beginning of a more systematic study. 

An important issue which arises in this context is the role of the Poisson or NC structure 
0^^'^ ^ which in particular determines the difference h^y = G^y — gfj,^. This Poisson structure can 
be viewed as would-be U{1) gauge field, and is governed mainly by the "bare" Yang-Mills term 
in the matrix model. We show that this action suppresses h^^, and singles out self-dual and 
anti-selfdual Poisson structures with G^u = g^y as vacuum solutions. In the case of Minkowski 
signature, this holds once a specific complexification of Poisson structures is adopted, which 
appears to be very natural. This is important progress in the understanding of emergent gravity 
in these models, and exhibits more clearly the relation with general relativity. 

In the present work, we restrict ourselves essentially to the semi-classical limit of the matrix 
model. Of course, the main appeal for this framework compared with other descriptions of 
gravity is the fact that it goes beyond the classical concepts of geometry: Space-time is not put 
in by hand but emerges, realized as non-commutative space with an effective geometry, gauge 
fields, and matter. Moreover, the IKKT matrix model |7(] (which is the prime candidate of this 
class of models with D = 10) can alternatively be viewed as AA = 4 supersymmetric Yang-Mills 
gauge theory on Rg, and hence it is expected to define a good quantum theory. Therefore 
these models provide promising candidates for a quantum theory of fundamental interactions 
including gravity. Moreover, there are several intriguing hints that the role of vacuum energy in 
this framework may be different than in GR. Nevertheless, much more work remains to be done 
in order to fully understand this class of models, and we hope that the current paper provides 
useful results and tools for that purpose. 

This paper is organized in the following way: We start by reviewing properties and important 
relations of the current framework of matrix models and emergent gravity in Section 12.11 This 
will also fix our notation for the remaining sections. We then continue Section [2] by deriving 
relations for the special case of a 4-dimensional embedded manifold Ai C R , and discuss 
connections and curvature. Section [3] will be devoted to higher order extensions to Yang-Mills 
matrix models and their semi-classical limit, whose implications will be discussed in Section [H 

2 Matrix models and their geometry 

We briefly collect the essential ingredients of the matrix model framework for emergent gravity, 
referring e.g. to the recent review [J] for more details. 

2.1 Reviewing the basic ingredients 

The starting point is given by the matrix model of Yang-Mills type, 

Sym = -TV[X^A^][X^X'^]r?,,r?M, (2.1) 

where rjac is the (flat) metric of a D dimensional embedding space (i.e. a,b,c,d G 1, . . . , D). It 
can be purely Euclidean, or have one or more time-like directions. The "covariant coordinates" 
X"' (cf. |8|) are Hermitian matrices, resp. operators acting on a separable Hilbert space T-L. The 
commutator of two coordinates will be denoted as 

[X^,X^]=ie''K (2.2) 

We are interested in configurations which can be interpreted as 2n dimensional non-commutative 
space A4^", in the spirit of non-commutative geometry. Thus we consider configurations where 



2n of the matrices (henceforth cahed X^) generate a non-commutative algebra interpreted as 
non-commutative spaces Alg", and the remaining D — 2n matrices are (quantized) functions of 
the X^, i.e. functions on Aig"^. In other words, we spUl|^ the matrices resp. coordinates as 

X"=(X^,0*), /i = l,...,2n, i = l,...,D-2n, (2.3) 

so that the (/>*(X) ~ (/)*(x) in the semi-classical limit define an embedding of a 2n dimensional 
submanifold 

Moreover, we can inter pretn 

[X^,Xn ~ir^(x) (2.5) 

in the semi-classical limit as a Poisson structure on A^^". Thus we are considering quantized 
Poisson manifolds (A^^", 9'^'^), with quantized embedding functions X'^. Throughout this paper, 
~ denotes the semi-classical limit, where commutators are replaced by Poisson brackets. We 
will assume that 6'^'^ is non-degenerate, so that its inverse matrix 0~J defines a symplectic form 
on A^^". The sub-manifold A^-^" C IR^ is equipped with a non-trivial induced metrico 

Qt^uix) = df,x''dux''r]ab = Vfny + d^4>'du(t>'riij , (2.6) 

pull-back of "qab- Finally, we define the following quantities [13f]: 



via 



Q^.. ^ ^-a^^pQuag^^ ^ ^ ^ ^e'^G'^-'g^, , 



p = ^det e^J , e-" = -j=^== . (2.7) 

^ y/det G^,u 

The last relation gives a unique definition for e~^ provided n > 1, which we assume. It is easy 
to see that the kinetic term for scalar fields on A^'^" is governed by the effective metric G^u{x), 
and in fact the same metric also governs non-Abelian gauge fields and fermions in the matrix 
model (up to possible conformal factors), so that G^i, must be interpreted as gravitational 
metric. Since the embedding (/>* is dynamical, the model describes a theory of gravity realized 
on dynamically determined submanifolds of IR . We also recall that 

(^^e-^<^(^) (2-8) 

in the semi-classical limit, and note the remarkable identity 

|G^.(x)| = \g^,uix)\, 2n=4 (2.9) 

which holds on 4-dimensional Ad'^ C IR^. It is also useful to define the following tensor 

Jf^, = e-'^'^e^'^'' g^,, = -e-Z^G'^M'^-/^ (2.io) 



^More generally, all of the X" are interpreted as functions on A^e" subject to D — 2n relations. Examples for 
such NC submanifolds realized by matrix models have been known for a long time, cf. [7], Isj. 

^In the special case where 6^" is constant, this leads to non-commutative field theories — see [lO, lUj for a 
review of the topic. However, a dynamical commutator seems essential in the context of gravity. 

^For a related discussion see e.g. [12| . 



which satisfies 



(J2)M = _G^^-g,^ 



p — ^ yup , 

2 



tTj^ = -4e-''ri = -{gG), (2.11) 

where 'tr' denotes the trace over Lorentz indices. 

In Ref. [l|] , we focused on the particular case of 4-dimensional geometries with 

Qtiu ^gt^u _^ r/ = e'^ . (2.12) 

Clearly, this defines an alniost-Kahler manifold with almost-complex structure J^^ = — 1. For 
such geometries to be consistent in the case of Minkowski signature, we have to assume that 9^'^ 
has imaginary time-like components, which is natural in view of the correspondence X^ — )■ iT, 
as discussed in [J]. It is not hard to see that this corresponds to 6^''' being self-dual with respect 
to the metric 5^,^ (cf. Section [2^2] and Ref. |14]). Such 0'^'^ indeed exist for generic geometrieqj. 
We then showed that the Einstein-Hilbert action can be obtained by a certain matrix action 
(|2.46p . However, variations of 0'"^ away from a self-dual case lead to metric variations 

Gp,i, = gp,y + h^y. (2.13) 

Therefore, in order to derive the equations of motion for both the (embedding) metric as well 
as the Poisson structure O^^'^ , it is necessary to allow at least small deviations from Gp_u = 9iJ.u- 
We will in fact identify a mechanism in Section H] which generically implies G ~ (7 to a very 
good approximation, at least for geometries with mild curvature. This justifies to consider only 
linearized corrections in /i^jy, and provides an important step towards clarifying the relation 
with general relativity. 

Notation. We will adopt the convention that Latin matrix indices are raised and lowered with 
rjah throughout this paper (resp. 5ab in the Euclidean case). As we consider deviations from 
the self-dual geometries introduced above, we will inevitably encounter two types of covariant 
derivatives: those with respect to the effective metric V := V[G], and those with respect to the 
induced metric V' := V[5']. We will use this notation throughout the remainder of this paper. 
Furthermore, we will use the abbreviations {Gg) = G'^'^g^y and {Gg)a = G^^fgpa- 

2.2 Special relations in 2n = 4 dimensions 

In this section we collect some basic results on the geometry of A^^ C IR^ in the presence of 
the structures defined above. We consider the case of general metrics G^y / g^y on 2n = 4 
dimensional manifolds where the tensor J^^j^ defined in ()2.10p becomes unimodular, i.e. det J = 
1. This leads to the existence of a remarkable identity which we will now derive. Consider first 
the Euclidean case. Since everything is formulated in a tensorial way, we can diagonalize the 
embedding metric at that point gpu\p = 5^^, and bring the Poisson tensor resp. the symplectic 
form into canonical form 

u = 0~^ (a dx^dx^ ± a-^dx^dx^) (2.14) 

at p € 7W using a suitable SO (A) rotation. This leads to 

-2 „,2 



G'^'^ = diag(a^a-^a-^a^) at peM, (2.15) 



*with suitable technical assumptions, such as global hyperbolicity or asymptotic flatness. 



and similarly J^^^ = — diag(Q , a ,q ,a ) at p G M. In particular, it follows that 

^(G5)=e~'^r/=i(a2 + a-2) > 1. (2.16) 

Furthermore, we obtain the following characteristic equatiorO for j'^ [IJ]: 

{J^Y, + 2e-'^7?,^'^. + {J-^)\ = , (2.17) 

or equivalently 

{GgGY" = - {J^GY" = 2e'''r]G^"' - g^"" = ^{Gg)G^'^ - g^"" . (2.18) 

Furthermore, observe that -k[dx^dx'^) = dx^dx^ where -k denotes the Hodge star defined by gi^^P"' 
and g^i, on Ai'^. This means that the corresponding symplectic form is (anti-) self-dual ((A)SD) 
if and only if 

-koj = ±oj ^ a = 1 resp. e""^/? = 1 <^ G^u = gi_,u <^ j"^ = -I , (2.19) 

in which case A^^ becomes an almost-Kahler manifold with almost-complex structure J . These 
statements generalize to the case of Minkowski signature, provided we consider complexified 
6^^'^ with imaginary time-like components 6^'^ , see [J]. 

Furthermore, we also note the following useful identity 

daipe'"^) = (2.20) 

which holds in any coordinates, and follows from the Jacobi identity. On 2n = 4-dimensional 
branes, it implies 

= ^^{e-^y^\en = ^A9\Kie-''0n 

= 9«(e-'"v4^^''") = \A^V„(e~'^r°) (2.21) 



using \g\ = \G\. Note furthermore that 



V'„(e--0'^"5/..)-CvLG^" 



= -OiluKG^'' (2.22) 

using the basic identity (I2.2ip . 

Determinants. Consider the scalar function 

det J = e-""" det(0^^) det(c/^^) (2.23) 

which satisfies det ^7 = 1 in 2?t- = 4 dimensions. In that case, it follows that 

5,e2- = 5„det(r^5,,.) = e^'^g'^'^Q-^ 80,(6'''^ g^^) 

= e^'^ {e-^d^e^^ + g^^'^d^gr^^?, . (2.24) 



^If we would consider real 6^" in the Minkowski case, this relation would be replaced by j7^ + 2e "'q — J' ^ = 0. 



We can replace da with any covariant derivative operator Vq, in this formula. In particular, for 
V = ^[9] we obtain 

5„e2- = e^'^e^.^V^r" . (2.25) 

Similarly, using J>^i, = —e^/'^G^^9~^ we get 

a„e-2- = e-^-r^V^^-^ (2.26) 

so for 2n = 4 we have 

2a„a = e-.^V'^r" = e-.^V^r" . (2.27) 

Since det{G^'^ gr^^) = 1 in 2n = 4 dimensions, a similar argument yields 

= da det{G>''^gr,u) = g^''G„,da{G'''^g^^) 
= G^,a„G'^^+5^^a„<7,;., (2.28) 

and likewise for any covariant derivatives. This implies 

g^'^Vagr^^. = = Gr^uVaG""^ . (2.29) 

In the computations of the subsequent sections, we will make use of the important relations 
dHHD, dZHD, (12:22]) and IJOl^ in many places. 

2.3 Intrinsic curvature. 

Since we consider general geometries G^j^y / g^j^u hi this paper, we will inevitably encounter the 
tensor 

Ca■,^lu ■■= daX^V^dyXa = - (^ ^igua + V^g^Q, - Vag^lu) , (2.30) 

in subsequent computations. Contracting this tensor with G^'^ , one derives 

dax^ncxa = V^(G^Va)-2a„(e-"r/) = Wa-^9«(5G), (2.31a) 

'"=^" -GauV^g^'' . (2.31b) 



dax'^V^d'^Xa = -d^iGg), (2.31c) 



where the 4D identity ()2.18p is used in (|2.31bp and "l.h.s. = r.h.s." denotes equality iff 2n = 4. 
Keeping these relations in mind, we now derive the curvature tensor with respect to the 
metrics G^i, and g/^^: For a general embedding ^A C R^ with Cartesian embedding functions 
x"" : A4 ^^ R^, consider the expression 

= VaiV^^X^ypyuXa) " V^X^V^VpV^Xa - V p{V ^V ^X^V ^Xa) + V pV ^V^X^V ^Xa 
= ^aGp;pu - VpCp.^^ + [Vp, Va]V^X^VpXa 

= VaGp.,p,-VpCp,^, + {Gg)\Rp^,^[G]. (2.32) 



Unless stated otherwise, we will always understand Rpavq = RpawqiG] throughout this paper. 
All the terms in ()2.32p are tensorial, and we obtain 

iGg)lRp^^n [G] = V^V^x^VpV^x^ - V^V^x^V^VpXa - V^C^-p^ + VpCp-^^ . (2.33) 

Repeating this calculation with V replaced by the covariant derivative with respect to the 
induced metric V[g] = V, we recover the Gauss-Codazzi theorem due to V^x"VpV[,Xa = 0: 

Rp..^. [g] = g^.rR[g\pau'' = vy^x^Vy^Xa - vyxKK^- ■ (2-34) 

For the self-dual case Cp^-pu = VpX°'VpVuXa = 0, and both curvature tensors (]2.33p and (12.34p 
coincide. 

Relating R[g] and i?[G]. The covariant derivatives V^ and V' are related via the tensors 
Ca;pu as follows: 

V^K = VpV,-Ca;p.g''^V(s = VpV, + Ca;p.G''^Vis, (2.35) 

for some vector V^, and where Ca-pi, is defined by replacing g with G (and hence V with V') 
in (i2:30l) . This implies 

= -G''''Ca;pu = -^G'^^ (V;C + V',G^„ - V'^G^,) , (2.36) 

which has a number of useful consequences: 

5"^C«;^, = ^g'^'^V.gp^ = -G'^'^Ca-pu = -^G'^^'V^Gp^ = , 



g'^^g^'C^.p, '"=' g''^g^''Vpg,^ = -Vpg^(' 

1 
2 



G^^^g^^G,^ + -G^^dc^ig^^'^Gp,) , 



2n=4 



-G''^G^"'V'G^a = V'Gf"^ , (2.37) 



where we have used (j2.29p . Furthermore, we may define projectors on the tangential resp. 
normal bundle of A^ C II as 

rf = g^'^^px^^^x'' , r^ = rf - Vf . (2.38) 

Hence, by the very definition of the covariant derivative associated to gpy^ we have 

V'.V'X = V.V.x'^ - g^'^Cp.^.dax'' 

= V^V.x^ - g'^^dc^x^df^x^V^V^Xb 

= r%^V^V^Xb . (2.39) 



This allows to relate the curvature tensorqj associated to G^^ resp. (7^1/: 



= V^V „V ^XaV pV uXb - V^V „V ^XaV pV pXi 

~ (y'Q) pRpcruri[^\ + ^ (T^fi;pv ~ ^ p^ p,\av ~ ^iy.\(jp^ fi\pv9 + ^a\av^fi\pp9 i 

(2.40) 
using ()2.38p and (j2.32p . The last terms can be evaluated using 

g"^Co,;auCp-ppg'"'g'"' = -\g'"'^u9^^^pg^.p-\9p>Npg'"'yu9^^ , (2.4ia) 

g''^C^-apg''^Cp,p,g'"' ' = ' 5/3.V,5"^V,/^ (2.41b) 

G''^C^.,.uCp,^pGP''G''>' "1^" 45,(e-'^r?)9'^(e--r?) + 25„(e-'^r?)V^5^" 

_^V,/^V-5m/3 - \GppVag^'Vp9''^ , (2.41c) 



9'"'^aC^;pu-g'"'VpC^,^^ = -9''f'V^{Vpg^^ + V^gpp-V^gp^)--g''''VpV^g^p 



i^g^'^^criypgiiu + ^ugpp - ^figpu) - -; 
= \[- VpV^'hp, - Rpp[g]h^''gau + (p ^ 

+ \Ughp, + Rap(3u[gK^ + 0{h^) , (2.41d) 

as derived in Appendix El Hence to leading order in hp_i, = Gp^ — gp^ , we have 

Rpu[g] = Rpu[G] - ^(VpV^v + Rp(s[g]h^'"9au + (p ^ i^)) + \^ghp, + RappAgK^ 

R\g] = RpAGjgf" - W^'hp, + 0{h^) , 
R[G] = RpMGP" + V^V^V + 0(^') • (2-42) 

2.4 Cartesian tensors 

Now consider the following expressions, which play an important role in the following: 



^1 



jjah ^ -[[X^X^],[X^Xc]]+ e'^G^'^a^x"9^x\ 



H = H''''r^ab = [X',X''][X„Xd] ~ -e''G^''gp, = -Ar,{x). (2.43) 

The matrix "energy-momentum tensor" is then defined by \13t [ 

rpab ^-^ab _]_^ab^ ~ riri"^ - c'' G^""" dpX^dyxK (2.44) 

It is instructive to consider the projectors defined in Eqn. p.38p acting on these expressions 
in the semi-classical limit, i.e. {VtH)"-^ ~ H"-^ and {VnT)""^ ~ flT"^ ■ In the special case of 

®cp. also [li]. 



g^iu = G^u, the semi-classical limit of the energy-momentum tensor becomes truly related to 
the projectors: 

T'''' ~ e^V^^ , and H''^ ~ -e^Vf . (2.45) 

Moreover, then 

T^'^nXaOXb - -T^^OHab ~ e^^'R , (2.46) 

as showitO in pj]. However, there are several similar matrix actions which for g^j^^ = G^^y 
reduce to the same semi-classical form. It turns out that for general Qf^i, ^ G^y, which we 
study in the present paper, the left-hand side of (I2.46P is no longer intrinsic, i.e. it depends 
also on the embedding M C B, . This makes the derivation of the equations of motion more 
difficult. However, we will identify a slightly modified matrix action which is intrinsic for general 
geometries in the semi-classical limit. 

Before we continue, let us add a brief remark concerning H'^^ in 2n = 4 dimensions: The 
4D identity (f2T8ll implies 

^jj^yd _ l^(^2^ad ^ ^2ajjad ^ -e'^'^^GgYp {e^GgGY" - IrjGf"" + e^gP") d^x^d^x"^ 



^'^^ . (2.47) 



This means that e~" H"'^ has 3 eigenvalues {0, a^, q~^} with e~"ri = \{cP' + a^^) and H ~ — 4ry 
(cf. Section [T2l and Ref. 14i|). Hence the last relation essentially characterizes the 4-dimensional 
nature of A^^, and it also encodes the reality structure of 9^''^ at the matrix level because it is 
non-linear. 

Semi-classical limit of the tangential conservation law. The following useful results for 
various Poisson brackets are essentially obtained in [14]: Since H is a scalar field on M. c IR , 
we havqj 

{xa^H^''} = -r^a^XaV,(e'^G"'5^„x'^5/3X^) 

= -e'^G"^ (d.ag^^e^'^dpx'' + r^V.^/.a^^x'' + g^^o.e^'V.dpx'') 
= -G"^r'^V,(e%„)5;3X^ (2.48) 

This is again tensorial, and can be written in a number of different ways: 

{x„/7"^} = -e'^G°'^V,(r^(7Ma)5/3x' 
= -e''G''^V^'{e"e-^)dpx^ 

= (e'^DGX^a^x'^ + dav) e^f^dfjx^ (2.49) 

using the identity ()2.2ip and 

r^a^T? = e'^V^(G'^^'v.'^''') + e"^""V%« + 2r?r'^V (2.50) 



'^The derivation given in [1( for fd'^x^e^'^ R also applies without the integral resp. trace 
^Notice, that we use the same 
clear from context what is meant. 



Notice, that we use the same symbols ff" *" and T"'' for their respective semi-classical limits whenever it is 
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which foUows from the Jacobi identity [14]. Together with (|2.31ap . we obtain 

{xa, T'''} = e'^ {Ucxado^x'') e'^^dpx' (2.51) 

which also fohows directly from the matrix identity ()2.53p . For Yang-Mihs matrix models, the 



tangential conservation law [Xa,T"^] = holds in fact at the matrix level 13] as a consequence 
of the symmetry X'^ — )• X"+c"l. However, higher order terms in the matrix model as considered 
below may modify this relation. Note also that for 4-dimensional branes, (j2.31bp implies 

{xa, T'^'} ' = ' -e^V^g^^'' G.^e^^dpx' , (2.52) 

so that the tangential conservation law is equivalent to 'V^g^'^ = 0. 

Exact matrix identities. The above semi-classical conservation law (I2.5ip can also be ob- 
tained from the following matrix identities: 

[Xa,H-''] = i([^x„[x^x'=]]+ + i[x^F]) , 

[Xa,T'^'] = i[^X„[X^X^]]+. (2.53) 

3 Extensions of the matrix model action 

We now want to consider more general terms in the matrix model, which in general have the 
form 

Sp[X]=Tl{X'''...X''')Pa,...a,, (3.1) 

where Pai...ai is an invariant tensor of SO{D) (resp. SO{l, D — 1) etc. in the case of Minkowski 
signature). Imposing also translational invariance X"" — t- X" + c""!, only terms built out of 
commutators are admissible. We will organize such polynomial terms in the matrix model 
according to the power i of matrices X", as well as the number d of commutators. It is clear 
that translational invariance implies d > i/2, and that k = d — i/2 corresponds to the number 
of derivatives of geometrical tensors such as 9^'^ in the semi-classical limit. It is thus natural to 
consider an expansion in k as well as i. 

3.1 Matrix operators 

Before diving into the possible extensions to the matrix model action, we collect some basic 
"building blocks" for which we derive the following semi-classical results: 

Lemma 1 For any matrices <I> ~ 0(x), ^ ~ ip{x), we have 

r/'^^[X„<D][Xb,^] ~ -e'^G'^^a^^a,^, (3.2a) 

a<^=[X\[Xa,n ~ -{x^{x^0}Hc = -e'^^G</), (3.2b) 

H'''[Xa,nXb,^] ~ e^'^iGgGr^df.cpd.i^, (3.2c) 

H'''[Xa,[Xt,m ~ e^-iGgGf^Vpd^<l) + e''dpe^GgGr^d,<l) 



+-e'^dp{Gg) - {Gg)dpa)G^Pd^c, 



^^ e^^nccp. (3.2d) 
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In particular, for 2n = 4- dimensional branes, we have 

{H''''-^H7]'''')[Xa,nXb,^] ~ -e^V'S^^S,^, (3.2e) 

[Xa,{H-'-^H7^-')[X,,<i>]] ~ -e^^ng<P + g^'^d^ad,cl,). (3.2f) 

Proof. Relations (j3.2ap and ()3.2bp are by now well-known [14], and p.2cp can be computed 
straightforwardly as 

= e2-(G5G)^^a^,/.9,V. (3.3) 

Now ()3.2dp can be shown either by a direct computation which is given in Appendix IB. H or 
more elegantly by considering the following bilinear form 

Tr (<^iH''''[Xa, [Xfe,$2]]) = Tr (-[Xa,H-'][Xh,<p2]^i - H''''[Xf„<^2][Xa,^i]) (3.4) 



for any matrices <I>j ~ 4>i{x). The first term vanishes for self-dual 6 (up to 0{h?'), resp. is easy 
to evaluate), and reads 

74. 



Tr([X„F«^][X6,<D2]<l>i) ~ - /"-^^/Ge-'^0l(e'^^GX^a„x, + do^r^)9^Pdpx''9^'''d^Xkd,ct>2 

= / (02 ^^>i {^^9p- - \da{9G) + \de.cj{gG)\ G'^-d,4>2 , (3.5) 

using (j2.49p and (j2.31ap . The second term of (j3.4p can be computed using p.2cp yielding 
TT{H-'[X,,^2][Xa,<^i]) ~ J-0^VGe'^{GgGrd^cP2d,^i 

= - j-^-^^i {e''VMG9Grd^c^2 + e"V%,G'^''a^(/<2 + e^GgGrV,d^c^2) ■ (3.6) 
Hence 

T^-($li7"^[X„[X,,$2]]) = TT{-[Xa,H'''][Xt,^2]'^l-H'''[X,,<^2][Xa,^l]) 

_1^ VGe^i (^ {daigG) - d^a{gG)) G'^^dA2 
+VMGgGrd^^2 + iGgGrv,d^<l)2) , (3.7) 



which implies ()3.2dp since (pi is arbitrary. Further simplification of this formula can be achieved 
in 2n = 4 dimensions, where p.2ep follows directly from (I3.2cp using the 4D identity (12.18p . 
Hence in particular 

{27rfTT{^2[Xa, {H-' - ^Hr^''')[Xt,^i]\) = -{27rfTT{{H-' - ^Hr^-')[Xa,<^2][Xt,^i]) 

<fx^e''g>'''d^<P2d,cPi 

= - y"d"xV5 5''>2V;(e'^9,(^i) , (3.8) 

which for arbitrary cj)2 implies (|3.2fp . | 
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Finally, we also note the following identity which will be useful below: 

- e'"(e'"nGx'=a„Xc + daV)G'"'d^(t> 
= e2- (2e-7?nG</) - g'"'V,d^,4> + (e-'^G'^'^a.r/ - g'^'V ,a)d^(t>) ■ (3.9) 

3.2 Potential terms k = 

For A; = 0, consider first the following terms 

1„\^ f d^ 



Tr 



^^)'~/^VGe-V, for^GM. (3.10) 



For £ = 1, we recover the basic Yang-Mills matrix model 



Now recall that ([236]) 



Sym = -\ttH ^ I^VGe-^V (3.11) 



^(a2 + a-2)>i, (3.12) 



which assumes its minimum e~'^r] = 1 if and only if a = ±1, i.e. for o^i/ = G^j/. This means 
that for fixed embedding, the minimum of the action Sym is achieveqj if a = ±1, i.e. if 6^"^ 
is self-dual w.r.t. Qf^,^. Curvature terms as discussed below may lead to small deviations from 
self-duality, 

G^u = g^y + h^y , (3.13) 

however the potential is expected to dominate as long as the curvature is "small". This is an 
important mechanism, which justifies to focus on geometries where G^u ~ g^^. The deviations 
from (anti-)self-duality will be studied in more detail in Section [H e.g. it will also be shown 
that e-^r/ = l + 0{h?). 

Thus assuming G ^ g, the above potential terms for i > 1 amount to 

Then these terms essentially determine a potential 

5pot = j;a,TV/7^ '^"^ J-^VGVia), (3.15) 

for e^ . This is very interesting: if V{(t) has a non-trivial minimum, it will dynamically determine 
the vacuum expectation value of e"^ and hence the scale of non-commutativity. Thus e^ will 
be essentially constant, simplifying considerably some of the considerations below. This is also 
important in order to preserve the equivalence principle, at least approximately, because the 
effective metric for fermions and scalars a priori differ by a conformal factor ~ e*^' ^ (la, llTJ . 



®This is certainly true in the Euclidean case, and in the Minkowski case provided we adopt complexified 9'^" 
as discussed in Section [2. 21 and Ref. ,14] . 
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There are other terms with /c = of type Tv{H HhcH'^"') etc. For g ^ G, they essentially 
reduce to the same potential terms as above due to the projector property AH'^'^rjbb'H^ '^ = HH"''^ 
which holds for g^i, = G^j^, assuming 2n = 4. However this type of terms also depends on the 
dimension of A^ C K, , and might help to single out 4-dimensional branes. This should be 
investigated elsewhere. (In fact, 5^,^ = G^jy is only possible for 2n = 4, which alone would single 
out 4-dimensional branes.) 

We can summarize these observations as follows: In the case of near-flat geometries the 
potential terms with A; = are expected to dominate, leading to g^^ ~ G^jy and e'^ ~ const. 
Additional terms with k > involving more commutators typically correspond to curvature 
contributions as shown below, and may lead to small deviations from g = G. In fact, it turns 
out that a = const, is incompatible with self-dual 9'^'^ resp. g = G for general geometrieqij. 
Nevertheless, the presence of a potential V{a) should ensure that a is constant to a very good 
approximation, even in the presence of curvature. This is important because e'^ determines 
e^. the gauge coupling constant. It also suggests that the symplectic structure obtained in 
[a| based on self-duality will be modified near the horizon, such that e"^ ~ const, is preserved. 
This should be studied in more detail elsewhere. 

3.3 0{X^) terms 

For the sake of systematics we start our discussion of A; > terms with the 0{X^), although the 
0{X^'^) turn out to be much more appealing. As shown in [l|, there are only two independent 
terms of order X^ , given by 

Se = Tr LaX'^nXa + ^[X^ [X«,X^]][X„ [Xa,Xb]]] . (3.16) 

In the general case 5^1/ 7^ Gf^u, it seems that the easiest way to evaluate them is in terms of 



R[g] (also allowing us to compare with the one-loop results in [iTJ]). We start our derivation by 
considering 



= -e'^ {G^'^'V'^V'X - G''PVlx''e'"'V^e-^) , (3.17) 

since d^x^V^^daXb = 0. It follows that 

UX^UXa ~ e^-^ {G^"'G'^^V^V'^x''V'^VpXa + e''G''PG''^G'''V^e-^Vj;A 

= e'^ UG^^^G^^N'^V'.x'^V'^V'f.Xa + ^prVl.G^^V^.G"^) , (3.18) 



^°For example, such a self-dual Q^^ was determined for the Schwarzschild geometry in |6|, and it turns out 
that e" 7^ const. 
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using (j2.22p for the second term (which is manifestly order 0(/i^)). The second part of Sq is 
derived in Appendix IB.21 and using the 4D identity ()2.18p we find 



56 ~ (a + f3) 



^^e^G^'^G^'^V^Vlx-V^V^Xa 



+ /3 



+ a 



+ /3 






d X 

(2^ 

d'^x 
(2^ 



Vae"" 



2e-e^''eP^R[g]^p,, - G^^ G^'^ R\g\^,p,, - (GgGY'' R\g\^, 
^{hGg)G^- -g^-\d^Gd,a 



^gV'G^'^V^iGg) 



Vse'^ 



1/3 
2 V2 



G^-V^iGg) - V;,G^^(G5)) d,a + g^^V'^B-lQ^^d, 
V^{GgZGP'^V,e-)e^^^ - V^{Gg)PJ~^V,G^>^e^^ 



a 



+ le^G^^V^G^p'e-l^e-lV^G 



(3.19) 



where 



is an anti-symmetric tensor. This is manifestly tensorial for a = —(3. Using Eqn. (I2.39P the 
first line of 5*6 in the semi-classical limit Eqn. p.lOp can also be written as 



a + /3 



fd^x^e'^V^'DGXaacXb. 



(3.21) 



The action p.lOp simplifies considerably in the self-dual case g^i, = G^^, reducing to the one 
previously computed in Ref. [l|. Furthermore, the terms surviving that limit are of the same 
type as those induced at one loop when coupling fermions to the matrix model, as was found 
in Ref. [iTl]. The leading order deviations from the self-dual case may be studied by expanding 
the above action around Gf^^ = g^j^y + h^^: To order 0{h) the action Sq semi-classically reads 



a + /3 
(2vr)2 



+ 



/3 



2 jd'^x^e" 



Se-r'^ {QP'^ _ hP^g^pQl"') R[g]^.pu<r - 2R[g] + Ah^'''R[g]^, 

+ g^pv,e-)e-pd^a + V^h^pv,e-^e-p 



+ 0{h^). 



(3.22) 



As explained in Section HI h^y can be parametrized in terms of the deviation of the symplectic 
structure around its self-dual version, i.e. 9~^ = 6~^ + F^y where 6~^ is self-dual with respect 
to g^y. Then the above action can be simplified further by considering terms only up to order 
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0{F). This implies that (hg) = 0{F^) can be dropped, and g^^V'^Q-) = g^^V'^Frp = 0{dh). 
The same type of matrix model terms have also been considered on 2-dimensional branes in 
|18l |. where Se for a + /3 = reduces essentially to an integral over the Ricci scalar. 
We also note that 



R^.uAaWf^"'' = W^,pM0^''eP''-2e''R^p[g]G^' + \^''R[9]{Gg) (3.23) 



where [15l | 



is the Weyl tensor on the 4 dimensional submanifold M'^. In the case of (anti-)self-dual 6 we 
have g = G, and 

R^.upaMO^'OP'' = W^.pMO^'^OP'' - '^e"R[g] . (3.25) 

This is interesting for the following reason: As discussed below, it may be appropriate to 
average over the moduli space of Poisson structures 0^'^ , which essentially consists of (anti- 
) self-dual 2- forms with fixed determinant. This averaging over the asymptotic orientations 
leads to W^upalgW^^OP") = since {e^'^OP'') is Lorentz-invariant for (A)SD 6, so that the term 
Rpup(7[g\(^^^(^'"^ essentially reduces to the Ricci scalar. 

3.4 0{X^^) terms 

We now consider 0{X'^^) terms with /c > (i.e. ignoring contributions to the potential as 
discussed above in Section [3. 2p . We are especially interested in a combination of terms which 
semi-classically more or less leads to the Einstein-Hilbert action. For g^j^ ^ G^^, the answer is 
not as simple as Eqn. (I2.46P derived in Ref. [l|. As a starting point, we hence consider the term 
H°'^\Z\Hah which previously has been shown to be the "central piece" leading to the Ricci-scalar 
in the semi-classical limit (i.e. the additional matrix terms were needed to make it intrinsic). 
The corresponding derivation is given in Appendix lB.3l It reveals that the following combination 
of terms depend only on the intrinsic geometry through G^y, g^y and e" , independent of the 
embedding M'^ C IR-^i 



~ -e"'{{GgGg)e-''UGe'' + 8e"2-(a,7?a"r? - r^d^vd'^a) - ^V.g^^Vg^p + 2V%^V„ff"'5 

+ {Gg)R^r,[G]{GgGr - mG] - 2V ^,{GP^' g^pV^g^^) - G ^pV ^g^^^V ^g^^ 
+ IVpg'^^e-'^do^ri - Ae"'r,V ^g^^'^do^a + 2g^''' G ^^V pg''^ d,<j) . (3.26) 



The second term in the first line is needed in order to cancel extrinsic terms, and in the self- 
dual limit it semi-classically coincides with its counter part of Ref. []| (resp. the first term of 
Eqn. (H^SD). 

In order to make the following results more transparent, we keep only terms of order 0{h) 
and drop higher-order terms in h. This is justified by the observation in Section 13.21 that the 
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Yang-Mills action Sym is quadratic in /i, and therefore suppresses the deviation from self- 
duality. Then the above result yields 

(3.27) 
Using the intrinsic terms (|3.30ap . ()3.30bp . we also obtain the following forms 

Sr := Tri^T'^'DHab + DXm''''[Xa, [X,,X,]]) 

~ - j^^e^'^mlG] - 2R^^,[G\g>''^ + 2Vpg^^d^a) + 0(dh^) , (3.28a) 

Sr := Tr{^H''\DHab - [X^ [X\ H]]) + DX'^H'''[Xa, [X5, X,]]) 

^- j-^^e^''[m[G\-2R,,^[GW'') +0{dh^), (3.28b) 

noting that r] = e'^ + 0{h?) as well as 

2R^^,[G][GgGr - R[G] = {^e'^r] - 1)R[G] - 2R^rj[G]g^'' 

= 3R[G] - 2R^r,[G]g>''' +0{hV). (3.29) 

Here p^ stands for the curvature scale of the gravitational field -R[G]) ^-i^d we will assume that 
O^h^p^) = 0{dh?). For G = g, we recover the result obtained in [l|, and the "local" formula 
^Mh follows from ([3:261) . 

Additional 0{X^^) terms. Consider the following terms, whose semi-classical limit is ob- 
tained easily from our previous results (|2.43|) . (|2.49|) and ()2.31bp : 

[X-,Hab][X',H] ~ Ae'^ie'^V^g^-d^rj-G'^^d^vd^v) 

= 4e^''{Vah'^''dfia-G'''^daadpa) + 0{h^), (3.30a) 

[X\H][Xa,H] ~ -16e'^G'^^a^7?a,7? 

= -16e^''G'"'df,adu(T + 0{h^). (3.30b) 

There are additional 0{X^^) terms which are of order 0{h?), which we will not discuss in this 
paper. These include 

H^h^X^UX^ = -e^'^G^^Vc^g'^^'Vpg^'' = 0{dh^) , (3.31a) 

[Xa, H'^'jiX', Hhc] ~ -e^- {Ocx'^daXa + e-'^d^r,) O^^d^x' {acx'dsXc + e'^dsv) e^^d^x^ 

= e"" (-G„;3V^<7"^V,/'^ + 2e-'^V„/"a;3r? - e-^-G^^a^T?^;,/?) 

= 0(dh^). (3.31b) 

The trace of the last term can in fact be written in a number of different ways, 

Tr([X°,F'^^][X^ //''=]) = -TV(i7"''[X^[X^F^^]) 

= Tr([X^F"^][X^F''^]) +Tr([i7"^F^^][X^X^]). (3.32) 
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Extrinsic terms. The 0{X^^) terms above have been tailored to be tensorial, i.e. such that 
they only depend on the intrinsic geometry of A^ in the semi-classical limit. There are of course 
also terms which depend on the "extrinsic curvature" i.e. on the embedding of A^ C R^. The 
prototype of such a term is given by 

nX^DXa ~ e^''DGx''DGXa, (3.33) 

cf. (j3.16p . or similarly 



HOX^aX" ~ -Ae^'^rjaGX^'nGXa. (3.34) 

For g^i, ~ Gf^u, these terms essentially coincide, and single out harmonic embeddings Dgx" = 
as vacuum geometries. In general, such terms should be expected to arise upon quantization, 
and their physical significance must be investigated. It seems plausible that they become 
important at cosmological scales where the intrinsic curvature is small, leading to long-distance 
modifications of gravity somewhat along the lines of the "harmonic" solutions given in 19|, |20| . 



Such long-distance modifications are very interesting in view of the major puzzles in cosmology, 
notably in the context of dark energy and dark matter. 

On the other hand, the term Dcx^DcXa might also serve as a UV cutoff for perturbation 
theory, since it behaves as (p^)^ on R^, where p denotes the momentum scale. 

4 Gravitational action and degrees of freedom 

Now consider the matrix model action combining ()2.ip with curvature terms such as ()3.28p . 
which in the semi-classical limit become 



SRr^- j-^^e^%m[G] - 2R^^[G]g>^^) + 0{dh^ 



0^^e^-{R[g] - SiJ'^'^b] V + V'-^V'^V) + 0{dh^) , (4.1a) 



^simple = Sr + ^Ti[X^, Tab] [X\ H] 
a X ^ 2a 



(2vr)^ 



Vge'^iRig] - 3i?^^[5] V) + 0{dh') , (4.1b) 



using (j2.42p where 

Gfj.u = g^u + hfj.u (4.2) 

and therefore G^'" = g'^^ — h^^ + 0{h^). The term V'^V'^h^y can be eliminated by subtracting 
suitable terms of type ()3.30ap . (|3.30bp from the action. We will therefore drop it and con- 
sider ^simple in order to simplify the presentation. For the same reason the possible additional 
contributions from Sq ()3.22p will also be omitted here. We will furthermore drop all terms of 
order 0{dh?), however we keep the 0{h?) e.g. in the Yang-Mills terms and the potential terms, 
which are expected to be important for weak gravity. This will be justified below, and ensures 
a well-defined and compact moduli space of vacuum solutions for 9^^'^ . 
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Because these actions are tensorial (i.e. independent of the embedding 7W^ C K- ), the 
semi-classical equations of motion are obtained simply by varying the independent geometrical 
degrees of freedom encoded in g^y and 9^^'^ . To understand these degrees of freedom, note that 
in a given "coordinate patch", the embedding metric g^^ = ViJ-y +d^(j)^du(p^r]ij is determined by 
the scalar fields (jf{x). The Poisson tensor O^^'^ can be parametrized as 

^;J = 0-l + F>^u (4.3) 

where d~l is self-duaO with respect to g^u, and F^y = d^Ay — d^A^. Thus the independent 
degrees of freedom are given by the embedding (/>* and F^y resp. A^j. 

In principle, one could now derive the equations of motion resulting from (|4.ip as well as 
from the other possible terms such as Sg, Eqn. (I3.22p . This is straightforward as long as only 
"intrinsic" terms are considered, which depend on g^^ and O^^'^ . The variation of the fundamental 
degrees of freedom can be separated into variations 5^ of the embedding leading to 

5<t>g^lu = <J0V% + (J^'ScfPVij , (4.4) 

and the variation 6a of the Poisson tensor given by 

SaF^,, = d^6A, - dJA^ . (4.5) 

We postpone this straightforward but tedious task to future work, and only draw some generic 
and qualitative conclusions below. In the presence of terms which also depend on the embedding 
resp. extrinsic curvature such as Dgx^Dgx", the action would lead to higher-order equations 
of motion in the embedding cj)^. In particular, this leads to the "harmonic branch" as discussed 
in [20] . whose physical relevance requires further study. It may suffice here to say that such 



extrinsic terms may lead to very interesting cosmological solutions 19|], while the viability for 
solar system gravity is not clear. 

Yang-Mills action and vacuum configurations for 9^^ . We can gain some important 
insights even without deriving equations of motion. Let us expand the Yang-Mills term to 
0{F'^), but keep only 0{dF) resp. 0{dh) in the curvature terms due to the explicit gravitational 
momentum scale. This gives 

r^ = ((1 + 9Fy^9Y'' 

= {9- 9F9 + 9F9F9Y'' + 0{F^) 

= 9^''' + 9^'^''9'''''F^,y, + {9F9F9Y'' +0{F^), (4.6a) 

V = G^^u - 5m. = -e''{9-^gF)^, - e^Fg9-')^, - ^g^^^iSF) + 0{F^) , (4.6b) 

g^^hf'" = + 0{F^) , (4.6c) 

hf.uh'"' = 2{9F9F) - le^'iFgFg) - {9F){9F) + 0{F^) , (4.6d) 

e-" = e-"" det{l + 9Fy/^ 

= e-^(l + ^m + Imm - \{9F9F) + 0{F^)) , (4.6e) 

{9g9g) = -Ae^ + 2e^{9F) + e^^{gFgF) - 2e^{9F9F) + 0{F^) , (4.6f) 



'One could equally well consider the case of small perturbations around anti-self-dual 0^^ . 
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\[Gg) = -\er-[QgQg) = 1 + \{eFeF) - \{eF){eF) - -/[gFgF) + 0{F^) 



1 



= 1 + - V/i^-^ + 0{F') . (4.6g) 

o 

Here we use a condensed notation where neighbouring indices are contracted and () denotes a 
trace (e.g. 9F = e^"'F^r, and (OF) = d'^'F^^), as weh as 

e^6ii = -{OgOgYu , ^'%u = ■ (4.7) 

The relation (I4.6cp is in fact a consequence of |G| = 1^1 in 4 dimensions, (14. 7p holds for any 
self-dual 9~^, and a is defined through 6^'^ , so that J^ defines an almost-complex structure. 
We will assume h^u to be small, and accordingly we will drop all terms of order 0{dF^). 
The r.h.s. of (|4.6gP acquires a geometric meaning due to the relation 



4 
(cf. [4]) where 



^{Fe){Fe)-\{F9F9) = Pfaff(F^^)Pfaff(^^'') , (4.8) 



1 1 



Pfaff(r'^) = e^,^^r-eP^= r^(*^^)M-5^^,g,,, = ±^|0M-|. (4.9) 
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Note that Pfaff(0) is positive (negative) for (anti-) self-dual 9^'^. Then the Yang-Mills matrix 
model action ()2.ip in the semi-classical limit becomea^n 

hi] 



r V5 (1 + ]e''F^,F^,,,g>'^''g''^' - Pfaff(F^,)Pfaff(r'^) + 0{F^: 



(2vr)2 
4 



-! ^ 

= j-^Va (1 + le'iF T *gF),AF T ^gF)^,,,g^^'^'g'^^' + ©(F^)) , (4.10) 

where -kg denotes the Hodge star w.r.t. g^u, and =F is minus for self-dual 9^"^ and vice versa. 

Recalling that any 2-form can be decomposed into self-dual (SD) and anti-selfdual (ASD) 
components, we arrive at an important result: ASD fluctuations F^^, around a SD background 
9jj^^ give a positive contribution to Sya4 and are hence suppressed, consistent with (j2.16p . On 
the other hand, the SD part of Ff^^ does not contribute to Sym but determines the "dilaton 
field" e'^ . Conversely, SD fluctuations around an ASD background are suppressed by Sym, 
while e'^ encodes ASD fluctuations. This justifies to focus on geometries with G^i, ^ g^y, and 
makes clear that it is the embedding rather than the 0~J which plays the central role for the 



emergent gravitjtj. 

In particular, it follows that the moduli space of vacuum configurations of Sym (for fixed 
embedding) consists of 2 disjoint components S = S+ U S~ given by the space of (A)SD sym- 
plectic structures ^^J w.r.t. g^j_y, and Sym provides a positive definite action which suppresses 



^^It is interesting to compare this with the action for non-Abelian field strength ,14], which has a somewhat 
similar structure. The AbeUan case has also been considered by A. Schenkel (unpublished). 

^^It is nevertheless interesting to recall that this subject was sparked by the observation that the C/(l) "would- 
be" gauge modes acquire a geometrical meaning through C^" , leading to h^y which do give Ricci-flat fluctuations 
around flat backgrounds [3, l21(. This gauge sector is given a central role in ,22|. The ultimate physical relevance 
of these (7(1) modes is still to be understood. 
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fluctuations away from S. These sectors S are disconnected, and cfiaracterized by tlie sign 
of Pfaff(^'^'^). Now observe that e" defines a scalar function on S ()4.6ep which measures the 
"strength" of O^^'^ , i.e. the non-commutativity scale. Hence a potential V{e") as in (j3.15p with 
a non-trivial minimum, 

V{e'') = Vo + ]^M\e'' -xof + ... 

= Vo + \M\e^ -xo- \e^{eF)f + ■■■, (4-11) 

where Vq, M and xq are constants, will set the NC scale resp. the vacuum scale e'^ ~ const. 
Then S becomes compact, e.g. S^ = S"^ in the near-flat case. On the other hand, terms in 
the gravitational action such as R^yh^'^ may lead to small deviations from (anti-) self-duality. 
Moreover, e" = const, may not be compatible with (A)SD 9~^ in the presence of curvature, 
cf. 0. Then (liHD suggests {OF) sa 2(1 - e~^XQ) / if M is large, with F ^ as x ^ 
oo. Therefore the physical moduli space S = S"*" U S~ of vacua will consist of symplectic 
forms 9~^ = 9~^ -\- F^^ which are small deformations of (A)SD fields, characterized (in the 
asymptotically flat case) by the asymptotic orientation of 9~^ . 

If the function V{e^) has flat directions, then one can pick a vacuum with arbitrary scale 
e" . The kinetic term d^ad^a would still suppress variations of a. 

We conclude that the above type of action represents a well-defined variational problem for 
the geometry, and leads to metrics with g^^i, ^ Gf^i, as well as e'^ ss const. Note that although we 
focused on the case of Euclidean signature, the steps go through in the Minkowski case provided 
one adopts complexified 9^'^ as discussed above, which do admit (anti-)self-dual configurations 
-kg9 = zizi9. This provides an important simplification and progress for the analysis of the 
emergent gravity theory. 

Further perspectives and physical implications. One obvious class of vacuum solutions 
of ()3.28bp and ()2.ip is given by Ricci-flat spaces along with an (A)SD 9^^'^ (hence /i^jy = 0) such 
that 6°^ = const. The problem is that in general, Ricci-flat spaces may not admit such (A)SD 
9^^'^ such that e'^ = const. This is illustrated in [^ where a self-dual 9~^ was found with e'^ ^ 
const. 

The above analysis suggests the following strategy to find solutions for the coupled system 
{g^y,9^'^): for a given metric g^j^y, compute first a self-dual symplectic form 9~^; this will lead 
to some 6°^ which in general is not constant. Then F^y resp. h^y should be determined through 
the full equations of motion, which will take the form of modified inhomogeneous Maxwell 
equations, schematically 

g/./.'V-(e-F^v) = J^. (4.12) 

Here J^ will depend on dyVie") and {9F), and may include matter contributions which turn 
out to act as dipole sources [J]. In the presence of a suitable potential V{e") and/or a kinetic 
term d^^ad^a, this will lead to e'^ ^ const. Since the gauge coupling as well as the NC scale 
depends on e'^ , this is probably essential to meet precision tests of general relativity and the 
time-independence of the fine structure constant. 

The example of the Schwarzschild geometry [6|] indicates a certain tension between the 
requirements e"^ = const, and g^y = G^y, since 9^^ is determined by solving Maxwell-like equa- 
tions with non-trivial boundary conditions. This would presumably be acceptable if h^y = 0{R) 
for asymptotically flat 4-dimensional geometry, where R denotes the scale of the gravitational 
curvature. In that case, the additional terms in the gravitational action such as h'^'^Rfj,y = 0{R^) 
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are suppressed at least in the case of weak gravity, leading to nearly- Ricci-flat spaces R^y « 
as (vacuum) solutions in agreement with general relativity. However, this has not been shown 
at this point. 

Even if the equations governing 9^^ are so rigid that h^^ cannot be neglected, one might still 
effectively recover an (almost)-constant e°^ along with (almost)-ASD 6~^ e.g. by considering 
branes with compact extra dimensions, such as M'^ x S^ C R^'^. This is very natural also to 
obtain non-Abelian gauge groups as required for particle physics (cf. [23]), and will be studied 
elsewhere in more detail. 

There is another interesting point which should be kept in mind. Once a solution for 9^^^ is 
found, the quantization of the theory requires to integrate over the fluctuations in F^y (recall 
that this would-be U{1) gauge field couples only to the gravitational sector). However, there 
is in fact a moduli space S of solutions O^^'^ , corresponding to different asymptotic orientations 
of 9^" (this is obvious in the flat case). The question then arises whether one should also 
integrate over this moduli spacqlj. In particular, this would amount to an integration over all 
configurations corresponding to different asymptotics of 9^'^ related by Lorentz rotations. The 
Lorentz-violating term W99 (|3.25p would then disappear from the action. This issue boils down 
to the question whether or not there really is a non-trivial VEV {9^^), spontaneously breaking 
Lorentz invariance. Note that this is not essential for the mechanism of gravity presented here, 
which works also (and in fact simplifies) under weaker assumptions such as {9^^) = but 
{9^"'9^''''') / 0. 

Finally, we should perhaps comment on the cosmological constant problem, which in the 
present setting amounts to explaining why V' = Q implies 1^^ ~ 0, i.e. that ^ ~ at its 
minimum (cp. ()4.1ip ). At this stage (in the "Einstein branch" [J|) this problem may appear 
to be similar as in standard GR, but again there are additional ingredients such as extrinsic 
curvature, compact extra dimensions, an additional (harmonic) branch of solutions, etc. which 
may shed new light on this problem. 

5 Concluding remarks 

The results of this paper represent a further step in the long-term project of studying the 
effective gravity theory emergent from matrix models of Yang-Mills type. One important new 
insight is that the "bare" Yang-Mills term defines a positive-definite action for /i^j^y = G^y — g^y, 
which implies that the effective metric approximately coincides with the induced (embedding) 
metric. Furthermore, we studied the geometrical meaning of higher-order terms in the matrix 
model for general backgrounds, identifying in particular an action which is very similar to the 
Einstein-Hilbert action, taking into account G^y ~ g^y and e*^ ~ const. Such terms are expected 
at the level of the quantum effective action, or alternatively they can be added to the action by 
hand. These results are very welcome in the quest for a realistic theory of (quantum) gravity. 

We also identified some specific issues and potential problems in clarifying the physical 
viability and the relation with general relativity. One issue is a certain "tension" between self- 
dual 9^^^^ and e" ~ const, which both seem natural and desirable in view of the above results. 
Once this is understood, one can proceed to reliably analyze the equations for the embedding 
resp. for the effective metric, which then describes gravity and its deviation from GR. 

The bottom line is that the model defines a highly non-trivial coupled system for the em- 
bedding g^y and the Poisson structure 9^'^ , and contains some (quantum) theory of gravity. 



*See also [10(1 for a related discussion in the context of non-commutative field theory. 



22 



This complexity is of course essential for any serious candidate for a realistic theory, but makes 
the identification of the "relevant" configurations and solutions non-trivial. An additional com- 
plication is that quantum effects must be taken into account, e.g. through higher-order terms 
as discussed here. Furthermore, the case of compact extra dimensions and the implications of 
non-trivial extrinsic terms such as Dcx'^Dcx'* must be studied systematically. Clearly much 
more work is needed before the physical viability of these models can be reliably addressed. On 
the other hand, the models are sufficiently clear-cut such that their physical content can finally 
be understood. 
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Appendix A: Derivation of (I2.41cl) and (I2.41dl ) 

Consider 



^ ('v,(2e-'^7?G^'^ - /^) - ^G"^V«<7<x.G'^^') G"'' {V^g^p + V ^g^p - Vpgp^) 
G^^d,{e-^^) - Iv^g^^Y'^g^p - G-^V„(e-'^r?G^^ - \g^^p) (v ^g^p - \vpgp^) 



= \d,{e~''r^)d-{Gg) - ^V./^V^g^^ - a«(e-'^7?)V^(2e--r?G'^° - g^ 
+ ^V„5'"'V,(2e~'^,?5--G^^5"^) 

= 49,(e-'^r?)a^(e-r?) - ^V.g^^V'g^p + 25„(e-'^7?)V^<7'^" - \g ^pV ^g^PV ^g^^ (A.l) 

assuming 2n = 4, where we have used ()2.18p . 
The relation (|2.41dp can be seen as follows: 

g ^a^fi-.pv g ^ p^\i,\av 
= l^f^^A^p9pv + V^5pM - ^i^dpv) - -g^^^p^uQap 

= -jf^ ((VpVafifMi^ + Vv^ogpp. - ^u^i,gpv) - ^p^vgai, 

~T~{j^apfi gau + -tiapu 9fj,a) \ \^aup gafi + J^aup, 9pa) 



1 



2^ 



-g^^iVpVagf^u + yu^aOpp, - ^a^pOpu " VpV^ft 



ap 



+\[g''>'Rappp[G]{Gg)t + g''^K,^p[G]{Ggfp - 2R^,p,[G]G^>' 
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^p^^h^^ - V^Vhp^ + Bghp^ + g'^f'VpVuK^^ 



+\{- RpMh^"9au - Rup[g\h^"9ap + 2i?„p^.b]/i"^) + 0{h^) . (A.2) 

Now ()2.41dp follows noting that g^^Whp^ = + 0{h^) due to (|M1). 



Appendix B: Semi-classical results for matrix model extensions 

B.l Derivation of (ISTMb 

To see ()3.2dp . consider 

H''''[Xa,[Xi„<^]] ~ e''G''''d^x''d,x''e''^daXadp{9P''dpXbd^cP) 

= e''{GgrX^ [eP^9updpdr,(k + dp{eP'^gp,)dr,<t> - dpd,x'eP'^dpX,dr,(k) 
= e^%GgGf'^dpdr,<P + e''r^d^{e''G'^%,')drj^ 
= e^"{GgGf'^dpd^(p + e'^dpe^iGgGf^dncf) 

W{Gg)\dpG'^Pd^ct> - h^^r^dpe;^G^Pd,<P (B.l) 

using the fact that 9'^'^ is anti-symmetric, and 

e^^d^e;,' = -o'^Pdpe-'p-rPd^e-pl 

2rPdf,e-p^ = -9'^dp9-^p. (B.2) 

On the other hand, consider 

{GgGrV'^^.iG] = \{GgGr {dpG.p + d.G^p - dpG^,) G^^ 

= -{Gg)%dpG^P - ]^{GgGrdpGp,G^^ 



1 



{GgYsdpG^^ + -{G^^'dpg,, + 26^^dp9j - {Gg)dpa)G 



al3 



2 



-{Gg)%d,G^^ + li^dpiGg) + 9»^dp9~l, - ^{Gg)d0a)G"^ 



usmg 
Therefore we get 



IdpiGg) = G^^d^g^p + 9''^d^9-l - \{Gg)d^a . (B.3) 



H'''[Xa,[Xb,cP]] ~ e^'^iGgGf^d^dr^cP + e'^dpe'^iGgGr^d, 



v'r 

-e^'^UGgGrri, - ^dp{Gg)G'^P + ^{Gg)dpaG'^nd,ct> 
e^''{GgGf'^Vpdr,4> + e^dpe'^iGgGf^d^cf) 
+-^e^-{dp{Gg) - {Gg)dpa)G^Pd^^, (B.4) 



which is indeed tensor ial. 
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^5ar5/3.Vtr'^V;r^ = 5ar5/3. V'^r^^-^r^V^^-; 



where e^''' := {Gg)te'r Hence, 



Jd'x^e'^G''^ {^G^^vy^x'^vy^xa + S.ai^'^^V^e;; 



/ fl-i 



(VUG5)^r'' + (G5)?V',r'^)v;.e, 



/» crP 



jd^x^e''(G''^G'^-VyxyV,Xa + G-''d,o\Q^yd-l 






G-'^e-lVAGgYye^^' - G-%GgYe-}vye^^ 



I <fx^e''{G^''G^^Vyx''Vyxa + G'^'d^ae-'^V^r] 

- G^'^e-lV'^iGgYrV^e^' + {d.aG'-'' + V;,G'^'^) [GgYJ^^KO^^ 

- G'-'^e-^V^iGgYKO^'' - {GgGY%r' {K^KW'' + K{d,a9^n) 

j d''x^e^(G-^G^^Vyxyv',Xa + \G''^d,a y{Gg) + {Gg)d^a) 

- G^'^Q-] {V,{GgYrV^e^' + V;(G5)?Vtr'^) 

+ d^a{GgGY'e-)V,e^^ + V^{GgY^GP^e-)V,d-^ 
- {GgGY^e-} {R[gUr^^e^^ + R[gUe^^) 

- {GgGY" {Kdpa + d^oQ-^V'^Q-^^) 
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B.2 Derivation of (IXT9b 

We use the (constant) background metric r]ah to puh down Latin indices, i.e. Xa = x^r]ab, and 
consider first 

^y, y,X%X,, [Xa,X,]] ~ ^e'^G'^y (^e^^daX-d/^x"^ V, (e-'drXad^Xh) 

= e-G^"^ [e'^G'^^Vyx-Vyxa + \gar9peVX^K0-'^ . 

(B.5) 
Prom the Jacobi identity 

Qt^'^Yj"" + 9'"^Vj''f' + e^'^Vj'"' = , (B.6) 

it follows that 

VpOf"" = {Qf^'e'"' - e'^'^e'"') vj^^ , (b.7) 

which enables us to simplify the second term of (lB.5h further: 



e'^[d,ah^^ye-^l + {VAGgYre^' + {GgYrKe-^)y',e-l^ , (B. 



- V^iGgZVj;^ {G^^e'^- + G^'^rn - G'''^e-^V^{Gg)yj-^ 

- 2d^a{GgGrVj-^6-^ + VUGgGrd.a + {GgGyPd^adpU 

+ e-"e^PR[g],^^pe'^^ - {GgGYPR[gU] 

= j<fx^e^{G^^G''^V'yXKKxa + \G'^du<y {d^{Gg) + {Gg)dp<j) 

- V'^{Gg)l&''V',Q-lQ^^ - V'^GPP'e-^y^G^^'e'^^g^p 

+ ^^''G^^V'^&P' Q"^l,Q'„lV,G^'' - 2{GgG + ^grV,e-^9^^^d^a + V^GgGrdpa 

+ {GgGyPduCjdpa + e-''t^R[glprjp9^'' - {GgGyPRigU) (B.9) 

using dHHD, dMH), (I222D, and the identities V'^r] = ^{g9g)f,^VJ^"' and {Gg)^e^^ = -(Ggf^e-^ 
as well as 

G-^^e-X^iGaYrKo^^ = -V^GPp'V,{e"e-lG^>^)G'''^e-j, 

=e''v'pGpp'v'p,e;^G^^'G^''e-^ + e''G^^'v'pGpp'v'j;^,G''''0-^ 
-VpGPp'e-,\V,{e''G^nG'"'e^l 

= - v'piGpp' g,p)v'^,e-^G^^e'"^ + e''\G^^^VpGPp'K{e-l,G'"^e-l,) 

- V'pGPP'e-/yAe^G^>^)G-'^e^l - e^hj-^^V'^GPP' Q-],Q-}y,G-'^ 
=V^{GgyV,e;)GP^^e^^ - ]^G^Pd^{Gg)d^a - e'^V'^G^p' G^P0;,l0-^G''^d,a 

- e"V'pGPP'e-].V',G^PG'''^e-l - e'^^G^PVpGPP' 9-)e-lV,G-^ 
=V^{GgZV,e-)GPPe^^ - g^^'^'VpO-lr'^d^a 

- e"v'pGpp'e-/y,G^PG^'^e^l - e'^\G^pv'pGPp'e~l,e-lv',G'''' (B.IO) 

where the last step follows from 

e''V'^GPP'G-Pd-}^d-lG^'^d,a = c-'^V^GPp' {gp,re^P){g„pe^'')d,a 

= e-'^K{\{Gg)gr. - G..)r''r-a,a 
= -\GP^d,{Gg)d,a + aP'^'Vp9~lr''d,a 
using the 4D identity ()2.18p , since 

= %e;^,g^'''e^Pd,a - gP'''%e-lr''d,a - gP'd^ad.a 

= -e;^,g^'^V^d-Pd,a - 5^-'v;,0;J,r-5,a - gP^^d^ad^a 

= -g^^'KCj^'-d^a (B.ll) 

due to (j2.2ip . Together with the definition of the curvature tensor with respect to the induced 
metric p^i]) we obtain (f3l^ . 
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B.3 Derivation of 0{X^^) terms 
Consider first 



e^'^G'^^a.x'^a.x^f nGe'^G^'^'a./x,a,,xfe + 2e'^G'^''^'nGa.,x,a,,xb 



o3cr ' 



= -e3-((G5G5)e-'^nGe'^ + 2G^'^G^''^'G-^C^;„^,G,;^,, 

+ 2(G5G)^'^'(2G^;„^,a'^c7 - G^^V^.Va^"^ - V ^.d^x'^UcXa + {Gg)l,R^^[G]) 

(B.12) 

using (|2.31bp . The second term is elaborated in ()2.41cp , and using the 4D identity (|2.18p , (|2.37p 
and (j2.29p we obtain 

H-'UHab ~ -e'''{{GgGg)e-'^UGe'^ + \d,{Gg)d''{Gg) + d^{Gg)V ^g^^ - ^Vug^^V^g^p 
+ ((G5)G^'^' - 25'''^') (2G^;«^.a'^a - V ^.d^x^UcXa + R>.r,{Gg)l) 
- 2G^^' g^fiV ^,V ^g^^ - G^^V.g^^Vp^"^' 



= -e^'^((GgGgy-'^UGe'' + \d.(Gg)d\Gg) + d^iGg)^ ^.g^'^ - ^V./'^V^g^;, 

- G^fiVo.g^PVpg''^ + {Gg)(d^{Gg)d''a - Ucx'^UGXa + R^r\G\(GgGY'^~' 

- 2G'^^'5^^V^.V„5"'' + Ig^^'V^'d^^x'^UGXa - 2/?[G]) . (B.13) 

Note that there are two terms g^^ '^ ^id^x'^'CiGXa and DGX^DcXa, which are not tensorial but 
depend on the embedding of M-'^ C R^. They coincide in the self-dual case where g^y = G^y, 
but in general they are independent. In order to obtain tensorial expressions, we must cancel 
these terms. This can be achieved using p.9p : 

H'^^UHab + 2DX''H''^[Xa, [Xb, X,]] 
~ - e3-((G<7G5)e-nGe'^ + ld,iGg)d^iGg) + d^{Gg)V^g'''' - ^V^g^^^V^g^p - 2R[G] 



2 ^ ' -^ ■'' ■ "^ ■'' '^■^ 2 

- G^fiV^g^PV.g'^f' + {Gg)(d^(Gg)d^a + R^,,{G\(GgGY'^^ - 2G^^' g^pV ^^V^g"" 
2e^"UGX^d^x%e-"G^"'dyi] - gf^^V^a) 

e^- ((G<7G5)e-'^nGe'^ + ^d,{Gg)d''iGg) + da{Gg)V^g^" - ^V.g^^V^'g^p 
+ (G<7)i?,.^[G](G5G)'^'' - 2i?[G] - 2V ^^{G^'^'' g^pVo.g''^) + 2V''g^pVo.g''^ 
Gf.^Vag^PVpg'^^ + {Gg)d^{Gg)d''a + 2V pg'^^ e-^ d^r^ - 2g^"' G ^^V pg''^ d,a) , (B.14) 
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where we also used ()2.31bp . This is manifestly tensorial, and can be rewritten in various ways. 
Under the integral, (1B.14|1 can be simplified further using 



so that 

(27r)2Tr(ii'"^ni^,b + 2nX^F»''[X„ [X,, XJ]) 



Jd^xVGe^^(^{GgGg)e-^nGe- + ^d,{Gg)d''{Gg) + do.iGg)V ^g^^'^ - ^V.g^^V^'c 

+ {Gg)R^^[G]{GgGr - 2i?[G] + 8e-''v^^g'"'d,a + IV'^g^^V^g''^ 

- G^pV^g^'PVpg'^^ + {Gg)da{Gg)d''a + 2V^(7"^e-'^a„r/ - 6g^'''Gf,^Vf,g'"'d,a 

= - I d^xVG e^" Ue-'^UGe'' + AR^,r^[G]{GgGY'^ - 2R[G] + AV c^g'^^ d^a + 0{h'^)\ (B.15) 
noting that {Gg) = 4 + 0{h'^) due to gSD, {GgGg) = \{Gg){Gg) - 4 and r/ = e'^ + 0{h'^). 
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